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In this talk | would like to present investigation mainly presented in our
two articles:

1. G.S.Pogosyan and A.Yakhno. Lie Algebra Contractions and
Separation of Variables on Two-Dimensional Hyperboloids. Coordinate
Systems. ArXiv:1510.03785.

In these articles we reconsider the problem of separation of variables
of the Laplace-Beltrami (or Helmholtz) equation

AgV = \V,

for the on two-sheeted H£+): us—uf—us=R? R>0, Up>0,and
one-sheeted H{”): 12 — 12 — U2 = —R2.
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The Laplace — Beltrami operator in the curvilinear coordinates (¢', £2):
1 0 0
A i
LB = f@f’ 99 9ek

ds? = gyde'dek, g = |det(gi)|, gwxg"™ =d!

with the following relation between gi(¢) and the ambient space metric
G, = diag(—1,1,1), (,v =10,1,2)

out ou”

gik(&) = yuaigiaigk-
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Olevskii (1950) first to show that the Laplace-Beltrami (or Helmholtz)
equation allows separation of the variables in nine orthogonal
coordinate systems.

Thus there exist the nine sets of the wave {W(®)} functions such that

Wi (€1,€2) = N (R W A A) WY (€2, 0. ),
where Ay, X are the separation constants and N, ,,(R) is a
normalization constant.

Our main task is by the direct solution of Helmholtz equation in various
system of coordinates to construct the corresponding Hilbert space of
complete solutions satisfying the normalized condition

[ [ a3 1, VI AR = 5000, X502, %)

We use the notation (), \') for Dirac delta function or Kroneker delta
whichever is the constant )\ discrete or takes the continuous values.
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The third problem have considered is the unitary transformations
(interbasis expansions) relating different bases.

Namely if \IJE){&(@ ,¢2) and U{") (!, 2) two bases corresponding
separation of variables in different systems of coordinates, then

()
Von = /px g

wg{’g:/<W,§f ) Wl

Finally we also presented the contraction procedure for the separating
systems of coordinate on two-dimensional hyperboloid and
corresponding systems on (pseudo)euclidean spaces E; and E; 4, as
the wave functions and interbasis coefficients.

and vise versa
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The talk is structured as follows:

@ Some history remarks: symmetries and separation of variables,
solutions and contraction
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The talk is structured as follows:

@ Some history remarks: symmetries and separation of variables,
solutions and contraction

@ Description of the general procedure
@ "State of the art" for bi-dimensional hyperboloids

@ New results: some new relations between coordinates systems,
normalization (by inter-basis expansions), contractions of wave
functions.
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In "geometrical approach" we say that the D - dimensional
Laplace-Beltrami equation

AgV = \V,

allows the separation of variables (multiplicative) in a D-dimensional
Riemannian space with an orthogonal coordinate system
£=(€1,¢2,...,¢D) if the substitution

D
V=[] wi(¢, A1, A2, A0)
i=1
split the Laplace-Beltrami equation to the separated equations

1d (,dv
6 (155 ) + S om0

where f. = f(¢'), & is element of Stéckel determinant and
A, Ao, ....Ap are the separation constants.
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In 1966 Smorodinsky and Tugov proven the

Theorem

If the Helmholtz (or Schrédinger) equation admits simple separation of
variables in the coordinate system 5 then there exists D linearly
independent second degree operators Iy, k =1,2,3, ..., D (including
the Laplace-Beltrami operator) commuting with with each other, and
they have the form

& 3 1 d av;
==3 (o), [rag ()| twii=o

=

The separation constants Ay, \o - - - Ap are the eigenvalues of these
operators:
[V = A\,
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In the algebraic approach [E. Kalnins, W. Miller, Ya. Smorodinsky, P.
Winternitz, etc. from 1965 till today] every orthogonal separable coordinate
system is characterized by the set of second order commuting operators S,,
(e =1,2,...D) (including the Laplace-Beltrami operator) of enveloping
algebra of the Lie algebra of the isometry group.

2016 9/40
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In the algebraic approach [E. Kalnins, W. Miller, Ya. Smorodinsky, P.
Winternitz, etc. from 1965 till today] every orthogonal separable coordinate
system is characterized by the set of second order commuting operators S,,
(e =1,2,...D) (including the Laplace-Beltrami operator) of enveloping
algebra of the Lie algebra of the isometry group.

Namely, for our case of two-dimensional hyperboloids the isometry group is
SO(2,1). Then we get

Sy =Ap=K>:4+ K2 — L2,
S, € (aK? + b{Ki, Ko} + cKZ + d{Ki, L} + e{Ko, L} + f L?)
where operators K, Kz, L forms the basis of so(2, 1) algebra
Ky = UgOy, + U20y,, Ko = UgOy, + U10y,, L = U0y, — U0y,
and commutation relation are

Kkl =L [l =—K,  ILK]=—Fe.
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system is characterized by the set of second order commuting operators S,,
(e =1,2,...D) (including the Laplace-Beltrami operator) of enveloping
algebra of the Lie algebra of the isometry group.

Namely, for our case of two-dimensional hyperboloids the isometry group is
SO(2,1). Then we get

Sy =Ap=K>:4+ K2 — L2,
S, € (aK? + b{Ki, Ko} + cKZ + d{Ki, L} + e{Ko, L} + f L?)
where operators K, Kz, L forms the basis of so(2, 1) algebra
Ky = UgOy, + U20y,, Ko = UgOy, + U10y,, L = U0y, — U0y,
and commutation relation are
[Ki, Ko] = L, [Ko, L] = —Ki, [L Ki] = —Ka.

The irreducible representations are labeled by the eigenvalue of Casimir
operator
ALBW:€(£+1)\U, {=-1/2+ip, p>0.
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Classifying the quadratic form, corresponding to the second order

operators
a b d
M=1] b c e
d e f

with respect to the transformations, induced by the group of the inner
automorphisms

J— AT .
My, = A MAk, =
a bcosh ay + dsinh a4 bsinh a; + dcosh a4
= bcoshay + dsinha;  ccosh? a; + esinh2ay + fsinh? a (¢ + f)/2sinh 2a; + ecosh2ay
bsinh a; + dcosh a4 (¢ + f)/2sinh2a; + ecosh2a csinh? ay + esinh2ay + f cosh? aq

My, = Ak, MAy,, M, = Al MA,,

including reflections and linear combination with Casimir operator one
obtain the complete set of symmetry operators.
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Writing the quadratic polynomial Q = a*p;px corresponding to the
second-order operator S = a* oy, 0, , we'll obtain the quadratic form
Q = Ap? + 2Bpyp2 + Cp3.
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Writing the quadratic polynomial Q = a*p;px corresponding to the
second-order operator S = a* oy, 0, , we'll obtain the quadratic form
Q = Ap? + 2Bp1p2 + Cp5. Diagonalizing this form by finding the
characteristic numbers from the equation

det(ax — pgik) =0,

C/A-pg  —B/A

=0, A=AC- B?
-B/A A/A — pgoo
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Writing the quadratic polynomial Q = a*p;px corresponding to the
second-order operator S = a* oy, 0, , we'll obtain the quadratic form
Q = Ap? + 2Bp1p2 + Cp5. Diagonalizing this form by finding the
characteristic numbers from the equation

det(ax — pgik) =0,

C/A-pg  —B/A

=0, A=AC- B?
-B/A A/A — pgoo

taking the real roots of characteristic equation Ay = 1/p1, Ao = 1/p> as
a new independent variables, one can determine the corresponding
separable coordinate system, resolving the following equations

M+ 2 = Agi1 + Cga2, M2 = (AC — B?)g11002. (1)
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Writing the quadratic polynomial Q = a*p;px corresponding to the
second-order operator S = a* oy, 0, , we'll obtain the quadratic form
Q = Ap? + 2Bp1p2 + Cp5. Diagonalizing this form by finding the
characteristic numbers from the equation

det(ax — pgik) =0,

C/A-pgrn  —B/A
-B/A A/A — pgoo
taking the real roots of characteristic equation Ay = 1/p1, Ao = 1/p> as

a new independent variables, one can determine the corresponding
separable coordinate system, resolving the following equations

=0, A=AC - B?,

M+ 2 = Agi1 + Cga2, M2 = (AC — B?)g11002. (1)

Note, that in the case of sub-group operators, the diagonalization
means "canonic" variables (where operator takes the form of
translation).
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The concept of Lie algebra contractions were introduced firstly by
[Indn0, Wigner, 1953]: Inhomogeneous Lorentz group /ISO(3,1) —
Galilei one G(3), as a limit with respect to speed of light ¢ — ~

1. Noncosmological limit: We let the radius of the universe R — oo in
such a way that ¢/R — 0:

1S0(3, 1)

2. Nonrelativistic limit: We let the velocity of light ¢ — co:

1S0(3, 1) ~
ISO(4) —

G(3)

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions :



The concept of Lie algebra contractions were introduced firstly by
[Indn0, Wigner, 1953]: Inhomogeneous Lorentz group /ISO(3,1) —
Galilei one G(3), as a limit with respect to speed of light ¢ — ~

1. Noncosmological limit: We let the radius of the universe R — oo in
such a way that ¢/R — 0:

1S0(3, 1)

2. Nonrelativistic limit: We let the velocity of light ¢ — co:

1S0(3, 1)
> GB3)

1S0(4)
Contraction of algebra can be considered as a basis change that
becomes singular in a limit. Nevertheless, the Lie bracket exists and is
well defined in this singular limit.
The original and contracted algebras are not isomorphic, but are of the
same dimension.
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Lie algebra o(2, 1) of symmetries
(isometry group) (Ky, Ko, L)

Enveloping algebra:
aK? + b{Ky, Ko} + cK3 +
d{Ki, L} + e{Kp, L} + fL?
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{ classification by |
inner automorphisms

J
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Lie algebra o(2, 1) of symmetries

: introducing Beltrami coordinates: )
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Lie algebra o(2, 1) of symmetries introducing Beltrami coordinates:
(isometry group) (Ky, Ko, L) Ho )

Hi

Enveloping algebra:
aK? + b{Ky, Ko} + cKZ +
d{Ki, L} + e{Kp, L} + fL?

taking contraction limit: R—! — 0 J

{ classification by |
inner automorphisms J 0(2,1) — e(2) o(2,1) — e(1,1)
Set of operators on hyperboloids operators on H — E(2) operators on H — E(1,1)

{} diagonalization {} J

Coordinate systems admitting

separation of variables

4} solution of LB equation {} J

Set of solutions

interbasis expansions |
normalization |

Set of normalized basis functions
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Lie algebra o(2, 1) of symmetries

introducing Beltrami coordinates: )

(isometry group) (Ki, Kz, L) Hy Hy

YU,2
Enveloping algebra: X1,2 =
aK? + b{Ky, Ko} + cKZ +

d{Ki, L} + e{Kp, L} + fL?

2

TR
VA tuytuy

taking contraction limit: R—! — 0 J

{ classification by |
inner automorphisms J 0(2,1) — e(2) o(2,1) — e(1,1)
Set of operators on hyperboloids operators on H — E(2) operators on H — E(1,1)

{} diagonalization {} J

Coordinate systems admitting

separation of variables
9 systems on Ho — 4 on E(2) 9sys.on Hy —9on E(1,1)

4} solution of LB equation {}

Szl salliiens AjgonHy, — A;gon E(2) AjgonHy — Ajgon E(1,1)

interbasis expansions | J

normalization |

Set of normalized basis functions = (SIS RGOS @ S (RS
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H, the Beltrami coordinates are
the coordinates (x, x2) on the
projective plane uy = R in the
interior of the circle x2 + x5 = R?

=] =
Pogosyan (BLTP, YSU, UdeG)
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H, the Beltrami coordinates are
the coordinates (x, x2) on the
projective plane uy = R in the
interior of the circle x2 + x3 = R?

On H; the Beltrami coordinates
are the coordinates (yp, y1) on the
projective plane u, = R between
hyperbolas y2 — y? = R?.

[m] = = =
Pogosyan (BLTP, YSU, UdeG)

nax
2016 14/40
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Contraction of Lie algebras
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Contraction of Lie algebras

— X2
—ﬁ = T = 8)(2 — ﬁ(Xﬂ?)q +X28X2),
Kg Xq
7ﬁ = m = 8)(1 - ﬁ(xﬁ)ﬁ +X28x2),
L =

X1 sz — X2(9x1 = X172 — Xo™{

commutator relations of o(2, 1) take the form

L
[r1, 2] = 2 [r1, L] = mp, [L,72] = 71.
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Contraction of Lie algebras

K; X;
_ﬁ = mp=0x— R722(X18X1 + X20x,),
K2 Xq
R = m =0x — ?()ﬁan + X20x, ),
L = X1 sz — X2(9x1 = X172 — Xo™{

commutator relations of o(2, 1) take the form

L
[r1, 2] = 2 [r1, L] = mp, [L,72] = 71.

Let us take the basis of e(2) in the form
p1 = Oxy, P2 = Oxy, M = Xp0x, —X10x, ,

[p1,p2] = 0, [p1, M] = —p2, [M,p2] = —p1.

asR ' 0:m —py, 70— po, L —M
The Laplace-Beltrami operator contracts:

2

R2
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Contraction of Lie algebras

K; X;
_ﬁ = mp=0x— R722(X18X1 + X20x,),
K2 Xq
R = m =0x — ?()ﬁan + X20x,),
L = X1 BXZ — X2(9x1 = X172 — Xo™{

commutator relations of o(2, 1) take the form

[r1, 2] = [r1, L] = w2, [L, o] = m1.

L
= =
Let us take the basis of e(2) in the form
p1 = 6X1 s

P2 = Oxy, M = X0x, —X10x,,

[p1,p2] = 0, [p1, M] = —p2, [M,p2] = —p1.

asR ' 0:m —py, 70— po, L —M
The Laplace-Beltrami operator contracts:

M2
2 2 2 2
Ag = +7r2——R2 — A =p;+ps.
Pogosyan (BLTP, YSU, UdeG)

o(2,1) — e(1,2)

—Ki/R = o= By, — 13 (00 + Y10y,
LR = m=0y + %(yoay0 y1y,),
—K> = Y10y, + Y00y, = Y10 + Yoi

commutator relations of 0(2, 1) take the form

K:
[mo, 1] = —R%, [0, Ko] = —my, [K2, m] = mo.
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K; X;
_ﬁ = mp=0x— R722(X18X1 + X20x,),
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o(2,1) — e(1,2)

—Ki/R = o= By, — 13 (00 + Y10y,
LR = m=0y + %(yoay0 y1y,),
—K> = Y10y, + Y00y, = Y10 + Yoi

commutator relations of 0(2, 1) take the form

K:

[mo,m] = — 22, [m0, Ka] = =71, [Ke, m1] = mo.
R2

Let us take the basis of (1, 1)

Po = 8}’07 p1 = 8}’17 M= }’03y1 +¥1 6}’07

[P0, p1] = 0, [po, M] = p1, [M,p1] = —po.

As R—1 —0:7m9 — pg, ™ — P1, Ko > —M
Laplace-Beltrami operator — the e(1, 1) one:

M?2
ALB:WS"' —_—

o — 72 A=p2—p2
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Example H>: Pseudo-spherical to polar
up = Rcosh¢, uy = Rsinh&cosn, us = Rsinh¢ésing, £ > 0,7 € [0,27)

we fix the geodesic parameter r = ¢R. As R~' — 0, thentanh¢ ~ r/R
and ¢ — 0. In the limit, for Beltrami coordinates we have

u u; ,
x1:R—1—>x:r003go, XQ:R—2—>y:rsm<p.
Uo Uo

Spherical system Projective plane

Operator L2 — M? = Xg that corresponds to polar coordinates on E,.
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Example H;: Equidistant (1, Il) to pseudo-polar

Type I: ug = Rsinh cosh s, uy = Rsinh sinh, u, = t+Rcoshry.
we fix the geodesic parameter r. As R~ — 0, tanh 14 ~ fand 4 — 0.
When ([t| > |x]):

u
Yo = RU—O = Rtanh 7 cosh o — rcoshm = t,
2

¥y = R% = Rtanh 7y sinhm, — rsinhm = x.
P
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Example H;: Equidistant (I, Il) to pseudo-polar

Type I: ug = Rsinh cosh s, uy = Rsinh sinh, u, = t+Rcoshry.
we fix the geodesic parameter r. As R~! — 0, tanh 7y ~ £ and 71 — 0.
When (|t > |x]):

U
Yo = RU—O = Rtanh 7 cosh o — rcoshm = t,
2
u . ,
¥y = Ru—1 = Rtanh 7y sinhm, — rsinhm = x.
P

Type ll: ug = Rsingsinht, u; = Rsingcoshr, u, = Rcos ¢. foNr
the fixed geodesic parameter r, as R~! — 0: tan ¢ ~ £. For [X| > |{:

Yo = R? = Rtan¢sinht — rsinht =1,
>

Y1 = F?% = Rtan¢cosht — rcosht = X.
p)

Seq = K22 — M? = Xg that corresponds to polar coordinates in the

pseudo-Euclidean plane.
17/40
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Projective plane for equidistant
Equidistant system of Type | system of Type | and Il
(lte] = R) and Type Il (Juz| < R).
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Some systems on H; are not symmetric ones with respect to axes u4
and u». Let us analyze the projection on the plane u; = R. We can
understand this kind of projection just like the projection on u, = R of
the rotated (on the /2 trough the axes up) system coordinates: we
have to make a change uy — —Uo, Uo — Uy, SO Ki — Ko, Ko — —Kj.
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Some systems on H; are not symmetric ones with respect to axes u4
and u». Let us analyze the projection on the plane u; = R. We can
understand this kind of projection just like the projection on u, = R of
the rotated (on the /2 trough the axes up) system coordinates: we
have to make a change uy — —Uo, Uo — Uy, SO Ki — Ko, Ko — —Kj.
Equidistnat to Cartesian For rotated operator Sgq = K12 in the
contraction limit we have

S
% = w5 — P§ =~ Xc-
For rotated equidistant system of Type Il
up = Rsingsinhm, wu; = Rcos¢, U, =—Rsingcoshr,

we obtain

u? x2 Up t
5~ o, aANT=-—— o~ ——2

u — u1 R Uo R

and Beltrami coordinates contracts to Cartesian ones:

cot? ¢ =

1
= —Rtanh =— _—
Yo tanht —t, y4 RcotqﬁcoshT — X
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"State of the art": 2-dimensional hyperboloids
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"State of the art": 2-dimensional hyperboloids

2-sheeted (9) — Euclidean (4)

System System Normalize Solution
on H on E, constant contraction
Pseudo-Spher Polar Vv Y,
Horicyclic Cartesian Vv \
Equidistant Cartesian \ \
Semi-Circ-Parab Cartesian \ \
Hyper-Parab Cartesian
Discrete in process
Continous in process \%
Ell-Parab Cartesian \ .
Parabolic \ Vv
Semi-Hyper Cartesian contraction of equations
Parabolic
Elliptic Cartesian contraction of equations
Elliptic
Elliptico¢ Parabolic
Hyper Cartesian contraction of equations
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"State of the art": 2-dimensional hyperboloids

2-sheeted (9) — Euclidean (4) 1-sheeted (9) — ps-Euclidean (9)
System System Normalize Solution System System Normalize Solution
on H on E, constant contraction on H on Ej 4 constant contraction
Pseudo-Spher Polar v v Pseudo-Spher Cartesian -
Horicyclic Cartesian Vv \
Equidistant Cartesian Vv \ Horicyclic Cartesian -
Semi-Circ-Parab ~ Cartesian % \% Equidistant Ps-Polar -
Hyper-Parab Cartesian Eqot Cartesian in process
Disgrete . in process S-Circ-Parab o Cartesian in process
Continous in process \
Hyper-Parab Hyper IlI Cartesian in
Ell-Parab Cartesian Vv . HP o Parabolic | process
Parabolic v v Ell-Parab Hyper I
Semi-Hyper Cartesian  contraction  of equations Cartesian in process
Paraboli
aravofie Semi-Hyper Hyper | Cartesian in
Elliptic Cartesian  contraction  of equations SHpot Parabolic | process
Ellipti
Elliptic Par;t))ttl)(l:ic Elliptic Cartesian
rot Elliptic | in process
Hyper Cartesian contraction of equations . . .
Hyper Elliptic Il Elliptic Ill Cartesian

H, Parabolic | Ps-Polar
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Vo (€', 6% = / WoapWis(€1,&)dB + Y Woap, Vs, (&, &) J
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vl (€', €%)

/ WoasVps(&r, 52)dﬁ+z WoasnVps,(E1, &)

Orthogonal System

Coordinates

Solution

Spherical (S)
7>00<p <2

Up = Rcoshr
ur = Rsinh7cos ¢
U, = Rsinh7sinp

NomPIT, »(coshT)e™
meZ

Horicyclic (HO)

Up = .‘?92”’2+1

Nos\/¥ Kiy(I517)€™

T1, T2 cR

U = RSinhﬁ

- - Rx +y —1
XeR,y>0 2y seR\O0
u, = RX/y
- = Rcosh coshm EQ(+) (+) A
Equidistant (EQ) — Reoshr sinhm | V7" = Nov g’ (11) <75=

vreR\0
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v, (€', €%

— [ Woas¥ls(, E)d5 + 3 Waaso Vs (61,60

Orthogonal System

Coordinates

Solution

Spherical (S)
7>00< <2

= Rcosht
= Rsinhrcos ¢
U = Rsinhrsing

Nme 1/2(cosh T)em?
mez

Horicyclic (HO)

Up = .‘?22”2+1

Nos\/¥ Kiy(I517)€™

U, = Rsinhry

- . Rx +y —1
XeR,y>0 2y seR\O
u = Rx/y
- = Rcosh coshm EQ(+) (+) A
Equidistant (EQ) = Rcosh 7 sinh 5 Voo = Novthpw (7—1) Von
11,72 € R veR\O

() =

v () =

Pogosyan (BLTP, YSU, UdeG)

iv
(cosh )" 2F4 <Z+I 5 1

sinh 7 (cosh 7)™ 2 Fy (§ +iZ=

1 v—p 1

4
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vl (€', €%)

/ WoasVps(&r, 52)dﬁ+z WoasnVps,(E1, &)

Orthogonal System

Coordinates

Solution

Spherical (S)
7>00<p <2

Up = Rcoshr
ur = Rsinh7cos ¢
U, = Rsinh7sinp

NomPIT, »(coshT)e™
meZ

Horicyclic (HO)

Up = .‘?92”’2+1

Nos\/¥ Kiy(I517)€™

T1, T2 cR

U = RSinhﬁ

- - Rx +y —1
XeR,y>0 2y seR\O0
u, = RX/y
- = Rcosh coshm EQ(+) (+) A
Equidistant (EQ) — Reoshr sinhm | V7" = Nov g’ (11) <75=

vreR\0

W, = / W), WEOD (1 ) + / WES) WES) (74 ) dly

where W, are the interbasis expansion coefficients.
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Semi-circular parabolic coordinate system: solution

This system looks like

v RELTTY 4 g€t -4 0’ — ¢

=R

gm0 8y 2¢n

where £, > 0. In contraction limit R — oo we have:

\/R2 4+ U3+ up \R2 4+ U3 — up
P = 2 E XY e 2

Ug — Uy R Upg — Uy
that is not suitable for contractions of solutions.

Projective plane.
Semi-circular parabolic system.
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Semi-circular parabolic coordinate system: solution

This system looks like

(& +17)? +4 (E+n?)P -4 P&

- ac. T ae. 2 — 9
81 8¢n 281

where £, > 0. In contraction limit R — oo we have:

= — 1 : + :
g Upg — Uy + R Upg — Uy R

U():R s U1:H

that is not suitable for contractions of solutions.

The Laplace-Beltrami operator is invariant under the rotation, so we
can introduce the equivalent semi-circular parabolic system of
coordinate connected with the above one by the rotation about axis uy
through the angle /4, then as R — oc:

n2—>1+\@%, §z—>1+\f2%.

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions : 2016 22/40



The Laplace-Beltrami equation takes the following form

2.2 52 o2
£§+77?72 (352 i 8172> V() = (0" + 1/4)V(E,n).

The separation of variable leads to two differential equations:
d?L, PP +1/4 2Ly PP +1/4
— A+—F— L =0, —- -A+——"—|L=0
0'52+<Jr &2 )1 ’dn2+< T >2 ’
where V(&,n) = L1(§)La(n) and A is the separation constant. These

equations are related by the change £ — in and coincide with the
Bessel equations.

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions : 2016 23/40



The Laplace-Beltrami equation takes the following form
52772 82 82 5

| = — 1/4)V .
212 \ag tap) Ve =+ 1/4V(En)

The separation of variable leads to two differential equations:

d2L1 p? + 1/4 d2L2 p?+1/4
where V(¢&,n) = L1(§)La(n) and Ais the separation constant. These
equations are related by the change £ — in and coincide with the

Bessel equations. The wave function V(¢, n), depending of the sign of
separation constant A, have the form:

WO(&,m) = Noav/&n [y (VIAIE) + iy (VIATE) | Kip (v/TAIN)
for A> 0 and
v@(e,n) = Naven K, (Wf) [le( Al 77) +J- Ip( \Aln)}

for A< 0, N,4 is a normalization constant. Let us note, that

V@&, m) = v, ).
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Interbases expansions through equidistant basis

W(U(é n) / pAl/ 7'1,7'2)dl/—‘r / pAu \U( )(7—1 T2)dv.

After the long but not compllcated algebraic calculatlons we obtain that
iy Ly .
o N (A)E L N PG i) | TG
pAv NF(J) o 21/2+2iv 2 r( + Iu+p) r (% + i%)
dor N QA E 1N (G-t (G- it
pAv N/();) 7r21/2+2/u 2 r( + Il/+p) r (‘1Z + iV;p)
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Interbases expansions through equidistant basis

W(U(f 77 / pAV pV T17T2)dl/+/ pAuw( )(7-1 Tg)d

After the long but not compllcated algebraic calculatlons we obtain that

ri = M (A r(1_ ,-1,> r(‘—f”?)g(l—i”zp)]

NF();F) 271-21/24»2!1/ 2 r ( + Il/+p) r (% + Iﬂ)
dor N QA E 1N (G-t (G- it
pAv Né;) 7r21/2+2/1/ 2 r( + Il/+p) r( =+ I;)
For normalization constants of SCP basis NSA we take into account:
R? o -
T T(+/) T T( ; u N.o* (IA —5+iv A —5+iv
pAv " pA'v + pAv " pA'v ptanhﬂp/Z pA (l |) 2 (| |) 2

and obtain

(1.2) (120 &+ _ 47 [Nyl / /
[ [ emwe )’ Gatdedn = SR a4 14D ).
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Therefore the SCP basis will be normalized on delta functions if

N ,/ptanh%.

PA = 27R
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Therefore the SCP basis will be normalized on delta functions if

\/ptanh 22
Noa= "%
It is easy to prove that
+) () * =) (=) *
[ T aa= [ 1T aa= o)

—00 —00

and correspondingly to construct the inverse expansions:

WG (74, m2) = / TG {0 vl n =o-A vE (e n)} da

where 6(x) is a step function: #(x) = 0 for x < 0, §(x) =1 for x > 0
and 9(x) =1/2forx =0.
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Orthogonal System Coordinates Solution

R cosh? a—sin? 6+~

Uo = V7 2cos@cosha

Elliptic-Parabolic (EP) o s
__ R cosh?a—sin? 09— (+

a>0,0€(-3,3),7>0 | Y =5 Zasocoma Vi (a.0)

u; = Rtanftanh a

Separation of variables =-Poeschl-Teller and Rosen-Morse potentials:

R, 2 P14 PV, 2 po+1/4
W+<—“+m Vi =0 daﬁ(“‘m)"”-"o
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Orthogonal System Coordinates Solution

R cosh? a—sin® 6+~
V7Y 2cosfcosha

R cosh? a—sinZ 9—~ (£)
Ut = 5 " Zcosbeosha Vi (a,6)

U, = Rtanftanha

Up =
Elliptic-Parabolic (EP
)

)
320796(—%72 fy

Separation of variables =-Poeschl-Teller and Rosen-Morse potentials:

a2y > pP4+1/4 a?v, > pP4+1/4
—li(- E T 2w, = - v, =0.
de? +< Wt cos26 1=0, a2 T \F T coshza ) 2 0

The complete set of EP functions is two mutually orthogonal bases (NE)H) =7):

i 1 p4+p 1 p—p 1
""W(aﬁ) = Nf(:L)(COSG)WZH (Z_1T7z+/T;§;—tan29
x  (cosha)* ,F 1f/p+“ Tpit=tann? g
2 4 2 '2’
v )(a,0) = N (cos6)" tanhd oF; (% - I(p;—,u)’g_’_ I(p;“);g;—tanza)

- 3 ilp+p) 3  ilp—p) 3 2
h a)* [ = e
X (COS a) tanh a,Fy ( > , =+ > 2 ;tanh® a
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For the fixed p are connected :

\UEO(i (a,0) = Z E®) \US L)

ppm
m=—oo
Coordinates are expressed:
e*T eT
cos?f = : , cosh®a = : .
coshr — sinhrcos ¢ coshr —sinhrcos ¢
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For the fixed p are connected :

\UEO(i (a,0) = Z E®) \US L)

ppm
m=—oo
Coordinates are expressed:
e*T eT
cos?f = : , cosh®a = : .
coshr — sinhrcos ¢ coshr —sinhrcos ¢

In limit = — 0, after a long calculation we obtain (of Saalschitz type)

1 i(ptu) 1 i(p—p)
(), (1)
ES = NCO (=) |r(1/2 4 ip — |m])| ) I

(1/2)|m\
y Rv/2 coshmp F =|ml, -, T 12— |m|
————F—4F3
v/ psinh i i(p—
14 iy %7 %_w_“m’ %+’(P2u)_|m|

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions :
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Wilson-Racah polynomials

po(t?) = pa(t, 0, 8,7,6) = (a + B)n(a +7)n(a +)n
-n, a+B+y+d+n—-1, a—-t, a+t
X 4F3 1
a+ B, o+, a+9,

and are orthogonal with respect to the inner product:

oo . . . 12
2= [ Pol(—)py (— ) | HesDIELREOENIED gt = pl(a+ B+ + 6+ — 1)
0

XF(a+ B + (a4 + n) et @t et soin
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Wilson-Racah polynomials

po(t?) = pa(t, 0, 8,7,6) = (a + B)n(a +7)n(a +)n
-n, a+B+y+d+n—-1, a—-t, a+t
X 4F3 1
a+ B, o+, a+9,

and are orthogonal with respect to the inner product:

oo . . . 12
2= [ Pol(—)py (— ) | HesDIELREOENIED gt = pl(a+ B+ + 6+ — 1)
0

XF(a+ B + (a4 + n) et @t et soin

So

(+)
E 4

_ _ArV2 ()N r(1/2+ i~ |mi) (”)
pum = Josinhmp T2+ m)E — [F(1/2+ i) Pm :
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Wilson-Racah polynomials

po(t?) = pa(t, 0, 8,7,6) = (a + B)n(a +7)n(a +)n
-n, a+B+y+d+n—-1, a—-t, a+t
X 4F3 1
a+ B, o+, a+9,

and are orthogonal with respect to the inner product:

oo . . . 12
2= [ Pol(—)py (— ) | HesDIELREOENIED gt = pl(a+ B+ + 6+ — 1)
0

x(a+ B+ (o +~+n) (4840 (B+y+n)(8+5+n) (v+5+n) S -

I (o4B+~y+5+2n)
So
) Rx2v2  (—1)Im NSD \I’(1/2+ip'—|m\)| pm(iﬂj).
o Vpsinhmp [T(1/2+m)]2 [F(1/2+ip)|? 4

Taking account the orthogonality condition for Wilson-Racah polynomials we can
prove

o0 * 1
[oo E;(;:)n E;:zn’ dM = E [5m,m’ + 5m,—m’]7
if we choose normalized constant N,g,t) in form

)
" 4n*R IF(ip) T (i)l
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Contraction of EP basis to Parabolic one

Let v = 1. In the contraction limit R — oo:

2 5 u2
— cosh“a— 1+ —
H’ _> + H’

where (u, v) are the parabolic coordinates x = (u? — v?)/2, y = uv on Es.

cos?0 — 1 —
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Contraction of EP basis to Parabolic one

Let v = 1. In the contraction limit R — oo:
2 2
cos’9) —1— — coshza—>1+H,

where (u, v) are the parabolic coordinates x = (v? — v?)/2, y = uv on E,. Taking
p~ kR+ 2, p~ kRin (2) = Egs. for parabolic-cylinder functions:

(:2+k2u )¢EF’(u):o, (:2+k22 )¢EF’(v):o.
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Contraction of EP basis to Parabolic one

Let v = 1. In the contraction limit R — oo:
2 2

2 4 2
cos“ 0 —1—— cosh“a — 1
— H: — +H7

where (u, v) are the parabolic coordinates x = (v? — v?)/2, y = uv on E,. Taking
p~ kR+ 2, p~ kRin (2) = Egs. for parabolic-cylinder functions:

d2 2 2 EP d2 2.2 EP
<d2 ku+/\)¢ (W) =0, (d2 + K2V )¢ (v)=o0.
NO LR PP
a2 VR \a 7" 4k
2 _k(24?) ,
() K e 1_RA1 T AT 2
Ve ‘ ( ) az'F (4 a2 MR (gt g

= D_1+,>\(UV —2ik ) D 1_H>\(V\/—2I )
where D, (z) is a parabolic-cylinder function

e vl 2 zV/2 1-v 3 22

2
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Orthogonal System Coordinates Solution
__ R cosh® b—sin® 6+~

Uo = 5 2snosnnb Discrete for s? > 0
A_cosh® b—sin® 0—v

Hyperbolic-Parabolic (HP)
b>0,0e(0,7),y>0 Ui =5 2snosnhb
u» = Rcotfcothb

Continuous for s> < 0

Separation of variables W(b, 8) = ¥(b)y(0):

d*p ( 2 1/4+P2> d*yp (2 1/4+p2)
AV (L 2P Yy, 9V (2 WA,
bz " + sinh? b v doz " * sin? 6 v

Eigenvalue problem is singular: b = 0; at the both ends of the interval 6 € (0, «).
There exist two spectrums of separation constant s.
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Orthogonal System Coordinates Solution
__ R cosh® b—sin® 6+~

Uo = 5 2snosnnb Discrete for s? > 0
A_cosh® b—sin® 0—v

Hyperbolic-Parabolic (HP)
b>0,0e(0,7),y>0 Ui =5 2snosnhb
u» = Rcotfcothb

Continuous for s> < 0

Separation of variables W(b, 8) = ¥(b)y(0):
a?y ( 2 1/4+p2> d?y ( 2 1/4+p2)
S (=L Yy =0, L4+ L )y=0
d? " T sinh? b 4 gz " \® " “einze v

Eigenvalue problem is singular: b = 0; at the both ends of the interval 6 € (0, «).
There exist two spectrums of separation constant s.
Continuous spectrum:

via(b) = (sinhb)'/247 ,F, <%ﬁ:i(p+s),%j:i(p—s);1:tip;—sinhzg),
) _ Nip1/2 1 p+s 1 p—s1 o>

Pps’(0) = (sinf) 2F; <4 —s—/—z ' 2 +/—2  51COS 0,

-) (i g\iot1/2 3, p+s3 p—s3 2

Pps (0) = (sind) cos 6 > F; <4 +i 5 g Tim5i5ic08 0.
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Orthogonal System Coordinates Solution

Uy — B cosh® bsin® 6ty . 5
0= /57 2sndsinnb Discrete for s > 0

Hyperbolic-Parabolic (HP) U — A oot bosi?o—r
b>0,0¢€(0,7),y>0 1= /3 2sin@sinhb

i 2
U = Rcotd coth b Continuous for s© < 0

Separation of variables W (b, 8) = (b)) (0):

d%y ( 5 1/4+p2> ad?y ( 5 1/4+p2)
a4 4+ L0 Ny =0, pah S+ LT P Yy=0
dez " + sinh® b v gz " * sin? 6 v

Eigenvalue problem is singular: b = 0; at the both ends of the interval 6 € (0, 7).
There exist two spectrums of separation constant s.
Discrete spectrum:

Ups(b) = VsinhbQ—},, (coshb);

) _ eim pyipt1/2 1, ip+s 1 ip—s 1 o>

Y5’ (0) = (sind) oF (4 + oot g i5i008 0),

(-) . o Nip1)/2 3 ip+s 3 ip—s 3 2
Pps'(0) = (sind) cos 6> F; (4 + 5 2 + 5 i51C08 0).
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HP through EQ

Interbasis expansion we take in the form:

wie(0, b) = / AEIWEID) (ry mp)dy,  WESH) (74, 1) = NI ) () €72,
1/ 1 p—v 1 p+v 1 >
P(r) = (coshmy) /27" ,F, <Z+' 5 g Hit5 T gitanh®
_ /o 3 . p—v 3 3
$)(r1) = tanhm(coshr)™'/2777 5 F, <Z+,p2V’Z+Ip42— ,2;tanh27-1>
and the normalized constants have the form
o TG+ TG+ o) _ ITE+5) TG +1%57)|
" RV8a2 | (ip)| B RV272 | (ip)|
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HP through EQ

Interbasis expansion we take in the form:

Hp(i (0,b) = / ESZWEQ(i)(n,Tz)du, WEXE) (74, 1) = NEE () (my) €72,
_1/o—i 1 p—v 1 p+v 1
(+) _ h 1/2—ip E (L P i P . h2
Pp (1) (coshTy) > 1<4+/ 5 ,4—1—/ 5 g stanh® 7
_ /o 3 . p—v 3 3
E)V)(T1) = tanhT1(COShT1) 1/2 lp2F1 <Z+Ip2V,Z+Ip_£ ,2;tanh27'1>

and the normalized constants have the form
v TG TG ris)] oy PG +is) T +isg)|
” RV873 | (ip))| o RV272 | (ip)|

HP basis for discrete spectrum:

D0, b) = Cpe(b) (sin 0)7+E o (1 ylots 1 dp=s 1. e e) ,

4 2 4 2

(0, b) = C'5)ps(b) cOs 0 (sin0)+2 HF <§ ylpts 3 ip—s.

4 2 4 2
where Cl) =772, y,5(b) = Vsinh b Q"1/,, ((cosh b) .

Nl W N
(o}

o

7]

n

S
N
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HP « EQ:

_ .y 2 -
5 to ui +R cosh 74 cosh 72 — v/cosh? 74 sinh? 7, + 1
cos“ 0 = = ,
Up — Uy e~z coshry

2 .
) Uo + /U5 + R? cosh 7y cosh 2 + v/cosh? 74 sinh? 7 + 1
cosh“b = .
Uy — Uy e~ "2 cosh

As 71 ~ 0 we have cos?§ ~ 2e™(2cosh )", cosh? b ~ 1 + €™ = 2¢™ cosh 7.
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HP « EQ:

2 2 .
5 to ui +R cosh 74 cosh 72 — v/cosh? 74 sinh? 7, + 1
cos“ 0 = = ,
Ug — Uy e~ 2 cosh 4
Uo + 4/ Uf + R? h h7 + \/cosh? h?r 41
cosh? b — 1 _coshrcoshrs 4 v cosh® 7y sinh® 7 +
Uy — Uy e~ cosh

As 71 ~ 0 we have cos?§ ~ 2e™(2cosh )", cosh? b ~ 1 + €™ = 2¢™ cosh 7.

+o0

1 —ivT
AL () = m/\v;’f&)(cose,b)e’ 2d7p,
mNp” J

Pps(b) = Vsinhb Q"1 (cosh b) ~

—1/2+s

. 3 s—ip 1 s—ip
2 —iiEEE & (4 2 ) (Z 2
e? q (1 + eZTZ) P gl E k

(1 + s)kk!

k=0

Y5 (m1) ~ 1, 05 (1) ~ 7.
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HP « EQ:

2 .
Uo — 4/ UT + Re cosh 74 cosh 72 — v/cosh? 74 sinh? 7, + 1

cos® o = = ,
Uo — Uy e~ "2 cosh
Uo + /U2 + R? h h V/cosh? 2 1
cosh? b — 1 _coshrcoshrs 4 v cosh® 7y sinh® 7 +
Uy — Uy e~ "2 cosh

As 71 ~ 0 we have cos?§ ~ 2e™(2cosh )", cosh? b ~ 1 + €™ = 2¢™ cosh 7.

+o0

1 —ivT
AL () = m/\v;’f&)(cose,b)e’ 2d7p,
mNp” J

Pps(b) = Vsinhb Q"1 (cosh b) ~

—1/2+s

—S

: et (30790), (5 77)
eTq(1+eZT2) Cemy : k(2™ cosh )

pard (1 + s)kk!

Y5 (m1) ~ 1, 05 (1) ~ 7.

Collecting all the terms we comes to integral for even solution

+oo 1 ip+s :
cosh (— — 5y — k) T2 s—i i j
/ : & 7S+k (1’7'2:2_%+ 2p+kB<IV2+S+k71 I(p+l/))

(cosh Tg)%_ “z 4 2

0
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Finally

A = &R oo Fats—i) TR TG TG +itsy)
T () [T VTG T (i)

To define the normalization constant C'{: f ASLAS ) dy = beg

A A gy = O e e P2 RR [T (ip)|Pr (L +s—ip) T (L +8 + Ip f( o
ps'v pS 2-+5+5'
psu ’ s 2 ‘r(1+s /p)’ ’r(l s/,/p ’
4 4

where

f(v) =

ISSUGES,
14 & '
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Finally

A = TR o T s—ip) T(%5%) TG —it) T (+itg)
T () [T VTG T (i)

To define the normalization constant C'{: f ASLAS ) dy = beg

A Ay — c et LSRR T(ip) T (3 +s—ip) T (5 +9 +'p f( )d
psu ps’ - ps’ 22+s+s’ ‘r (1 4 5= /p)’ ’r (1 S/,,p "
7 1

where
M=) (")
F(1+ 551 (1+ 552)

Integral is absolutely convergent (is Melling-Barnes of third type). Residue theorem:

f(v) =

o N
/ f(v)dv = 27T/Z Res[f(v), v],
oo k=0

where vy are poles of f(v) in upper complex semi plane: v = i(s + 2k), k =0,1,. ..

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions : 2016 33/40



2 r(st + k)

Reslt) ) = T A s T (14 52— )

* () r(55+4) _
_Zof(”)d”—“”kz; KU T(T+s+ k) (1+5= k)

2

— 4sin (ﬁ‘s/) () F(S_TS/)Z,_-1 (S+s’ s—s

2 ri+s) 2 2
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2 r(st + k)

Reslt) ) = T A s T (14 52— )

* () r(55+4) _
_Zof(”)d”—“”kz; KU T(T+s+ k) (1+5= k)

2

_ 4sin s—¢ '—(HTS)'—(%)F s+¢ s—s’_1+s_1 B
- T2 rd+s) 2 '\"2 2 ")~

16 sin sts’
T 2 )

Let us note, that [ f(v)dv =0if s = s + 2k, k € Nand is equal to 47 /s if s’ ~ s.
The normalization constants for HP wave functions:

1 S+,
ol vas |1 (z + Tp) o) 2V2s

i (10
’s "~ 7Re [ (ip)| r(%Jr%) T TP wRem|(ip)|

()

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions : 2016 34 /40



Hyperbolic parabolic to a Cartesian basis

Hyperbolic parabolic basis contracting to a Cartesian basis on E;. In

these coordinates the points on the hyperbola are given by 6 € (0, ),

b > 0]:

cosh? b + cos? 4 __sinh?b —sin? 4
Ssinhasing '~ " 2sinhasing

From these relations we see that

Up — /U2 + R? 2 h Up + /U2 + R?
cosh® b = :

U = , Uz = Rcotécothb.

cos? 6 = ,
Uo — Uy Up — Uy
In the limit as R — oo we can choose
2 y2 2 X
o I h p) (1 7) .
cos“ 6 — >R cosh“b — + 5

The hyperbolic parabolic basis function on hyperbolid can be chosen in
the form

ie_1/2(cosh b) P;;’_1 jo(cos0). (4)

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions : 2016 35/40



To proceed further with this limit we take p? ~ k?R? and

s? ~ (kZ — k2)R? (the case of s? < 0, or k? < k3, corresponds to the
discrete spectrum of constant s, and we do not consider this case
here) where k? + k3 = k?

i/K2—KZR—1/2
2R /1 exp(ikey)

K G e )

For the limit of the b dependent part of the eigenfunctions we must
proceed differently. In fact we need to calculate the limit of

kR X
Pimﬁ—uz ( 2 (1 * R))

/aing Dl kR Yy
siné Pl{p_.l/z(COS 9) ~ Pl <\/§Ff)

as R — oo.
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We know that the leading terms of this expansion have the form
Aexp(ikix) + Bexp(—ikix),

and we now make use of this fact. By this we mean that

ikR X . . .
Iqlinoo P\/WH 12 ( 2 (1 + R)) = Aexp(ikix) + Bexp(—ikix),

where the constants A and B depend on R. It remains to determine A
and B. To do this let us consider x = 0. We then need to determine the
following limit

lim P

R— o0 + R\/W <f>

This can be done using the method of stationary phase.

—A+B. (5)
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From the integral representation formula

(v tv—p) [7p,
gz P

(22 —1)71/2 / (z+ cosh l‘)”_”2 cosh ([v +1/2]t) dt,
0

the above limit requires us to calculate as R —
00 kR—1/2
V2 +cosht cos ([R\/kz - kﬂ t) dt.
/0 ( ) 1 2

We obtain

PkF V2) ~ )
—14iR\/k2—K2
AV ( ) r[1iR< k$k22+k>}r{;+iﬂ( kfkgk)]

iR\/KE—K2
( i>1/2 Ky — /K2 — K2 ! 2( K >ikﬁ'
Fiki K+ /K2 — K2

2016 38/40
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By considering the expression for the derivatives of the Legendre
function (6) at x = 0, we derive the expression

d
M pu ~ ikR ~ ] _
D] P (\@) iki(A — B),
then
lkR
M TR (\F)N—A+B.

Comparing the above relation with (5), we obtain that A= 0 and B is
equal to (6), that is

P, (cosh b) — Be~™,

2

Finally, solution (4) contracts as follows:

okR, /7B
2__ 2 _ 2_ 2
r (3 — iRV kz) r <3 — iRV "2)

V,s(b,0) ~ exp(ikpy —iki X).

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions : 2016 39/40



Bibliography

[1] P. Winternitz, |. Lukac, and Ya. Smorodinskii, Sov. J. Nucl. Phys. 7, 139 (1968).

[2] W. Miller Jr., J. Patera and P. Winternitz, J. Math. Phys. 22, 251 (1981).

[3] E.G. Kalnins, SIAM J. Math. Anal. 6, 340 (1975).

[4] A.A. Izmest’ev, G.S. Pogosyan, A.N. Sissakian and P. Winternitz, J. Phys. A: Math. Gen. 29,
5949 (1996).

[5] A.A. Izmest'ev, G.S. Pogosyan, A.N. Sissakian and P. Winternitz, Int. J. Modern Phys. A 12,
53

[6] E.G. Kalnins and W. Miller Jr. and G.S.Pogosyan, J. Phys. A. 32, 4709 (1999).

[7] G.S. Pogosyan, A.N. Sissakian and P. Winternitz, Phys. Particles and Nuclei 33, S123 (2002).
[8] G.S. Pogosyan and A. Yakhno, Physics of Atomic Nuclei 73, 499 (2010).

[9] G.S. Pogosyan and A. Yakhno, Physics of Atomic Nuclei 74, 1062 (2011).

[10] I.M. Gelfand, M.1. Graev and N.Ya. Vilenkin, Generalized Functions - Vol 5: Integral
Geometry and Representation Theory (Academic Press,1966).

[11] V. Bargmann, Ann. Math. 48, 568 (1947).

[12] R. Raczka, N. Limi¢ and J. Niederle, J. Math. Phys. 7, 1861 (1966).

[13] C. Dane and Y.A. Verdiyev, J.Math.Phys. 37, 39 (1996).

[14] E.G. Kalnins and W. Miller Jr., J. Math. Phys. 15, 1263 (1974).

[15] G.S. Pogosyan and P. Winternitz, J. Math. Phys. 43, 3387 (2002).

[16] L.D. Landau and L.M. Lifshitz, Quantum Mechanics (Non-Relativistic Theory) (Pergamon
Press, 1977).

[17]1 S. Fluegge, Practical Quantum Mechanics (Springer, 1971).

[18] H. Bateman, A. Erdelyi, Higher Transcedental Functions (MC Graw-Hill Book Company, INC.
New York-Toronto-London, 1953).

[19] G.N. Watson, A Treatise on the Theory of Bessel Functions (Cambridge, University Press,
1944).

Pogosyan (BLTP, YSU, UdeG) 2-dimensional hyperboloids: Basis Functions : 2016 40/ 40



